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1. DOUBLE AND TRIPLE INTEGRALS

Tricks for evaluating double and triple integrals:

e Draw the domain of integration.
e Change the order of integration.
e Do a change of variables.

Definition 1.1. Let T : D* C R? — R? be a C' transformation given by z = x(u,v)
and y = y(u,v). The Jacobian determinant of T, written |0(z,y)/0(u,v)|, is the
determinant of the Jacobian matrix DT '(u,v) of T
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Theorem 1.2 (Change of variables for double integrals). Let D, D* be elementary

regions in the plane and let T : D* — D be of class C' and bijective. Then for any
integrable function f: D — R, we have
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Ezample 1. Polar coordinates on R? are given by x = rcosf, y = rsinf. Therefore,
the transformation 7" given by xz = z(r,0), y = y(r,0) has Jacobian determinant

dudv.
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We can express this fact as dedy = rdrdf, and so by the change of variables formula,

// f(x,y)d:zdy:/ f(rcosf,rsin)rdrdd.
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Ezercise 1. Evaluate the following integrals.
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where D is the unit disk
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where D is the region bounded by z = -1,z =1,y =0,and y = 1 +v1 — 22.
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where D is the region bounded by y = —? + x, the z axis, and the lines
r=0,r=2.
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where D is the unit disk
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where D is the region bounded by s +y =1, 2 +y =4, v —y = —1, and

r—y=1
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